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Abstract 
Graphs with n + k vertices in which every set of n +j vertices induce a subgraph of maximum 
degree at least n are considered. For j = 1 and for k fairly small compared to n, we determine 
the minimum number of edges in such graphs. 
In investigating the size Ramsey number of a star KI,, versus a triangle K3, Erdiis 
[ 1,2] conjectured that for n 3 3 any graph with no more than (2”:‘) - (‘;) - 1 edges can 
be decomposed into the union of a bipartite graph and a graph with maximum degree 
less than n. Faudree [l] proved this for graphs with 2n + 1 vertices and restates the 
general conjecture in [3]. Contrary to what is reported in [l], the conjecture remains 
open even for graphs with only 2n+2 vertices. Our interest in this question has led us 
to consider the following situation, which we believe is an interesting extremal question 
in its own right. Suppose that n, k, and j are positive integers with k b j 2 1 and that 
G is a graph on n + k vertices in which every n + j vertices induce a subgraph of 
maximum degree at least n. How many edges is G forced to have? We propose the 
following. 
Conjecture 1. Let n > k 2 j> 1 and n 23. Let G be a graph with n + k vertices in 
which every II + j vertices induce a subgraph which contains a vertex of degree at 
least n. Then G has at least (k - j + 1)n + (“-i”) edges. 
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Note that the graph G U (z + K&j+1 ) satisfies the above conditions and has the 
stated number of edges. We begin by proving the conjecture, and indeed much more, 
in the case j = 1. 
Theorem 2. Let n and k he positive integers with n 33, and let G be a graph on 
n+ k vertices such that each n+ 1 vertices induce a subgraph which contains a vertex 
of degree at least n. Then 
(n:“)-(;)=kn+(:) ifk<n2-2nornisodd;and 
I E(G) I 2 
if k 2 (n - 1 )‘and n is even. 
Proof. Observe that G satisfies the condition of the theorem precisely when G has 
the property that every n + 1 vertices induce a subgraph with an isolated vertex. Let 
Cl, c2, ...> and C, be the nontrivial components of G. Let S be the union of these 
components. 
Suppose n is odd. Assume that S has at least n + 1 vertices. As n + 1 is even, 
we may choose an n + 1 vertex subset of S which induces a subgraph of G with no 
isolated vertices; a contradiction. Hence, the union of the nontrivial components of ?? 
has at most n vertices. Thus, G has at most (1) edges. It follows that G has at least 
(“lk) - (i) edges when n is odd. 
Suppose n is even. Assume that S has at least n + 1 vertices. If Ci contains at least 
3 vertices for some i E { 1,2,. . . , t}, then, as n + 1 is odd, we could choose an n + 1 
vertex subset of S which induces a subgraph of G with no isolated vertices as before. 
Hence, each of the nontrivial components of G is isomorphic to K2. Thus, -d has at 
most [(n + k)/2] edges. It follows that G has at least (“Tk) - L(n + k)/2J edges when 
n is even. In the case that S has fewer than n + 1 vertices, the number of edges of 7; 
is maximized when t = 1 and -d = K,. In this case G has at least (“lk) - (z) edges. 
Note that [(n + k)/2J > (i) precisely when k3(n - 1)2. 0 
We note that Theorem 2, with k = n + 1, implies the theorem of Faudree. This 
follows as G satisfying his assumption has a set X of n+ 1 vertices inducing a subgraph 
of maximum degree less than n. Partition the set of edges of G into Gi consisting of 
those edges with exactly one endvertex in X, and G2 consisting of all remaining edges. 
Then Gi is bipartite and G2 has maximum degree less than n. For j 2 2 we understand 
the situation considerably less well. We are able to prove the conjecture for k <cfi 
however. 
Theorem 3. Let G satisfy the conditions given in the conjecture with j 22, and 
n > max{j(k - j), (“-y)}. Then the conjecture holds. 
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Proof. Let Si be an arbitrary set of n + j vertices of G. Then there is a vertex xi of 
degree at least n in the subgraph induced by SI. Remove x1 from Si and add one of 
the remaining k - j vertices to obtain a set SZ of n + j vertices. Choose a vertex x2 of 
degree at least n in the resulting induced subgraph. From continuing in this manner we 
obtain a set B = {x1,x2,. . ,~k_,+~} where each xi has degree at least n. This accounts 
for at least n(k - j + 1) edges, since no edge joining two vertices of B was counted 
in the construction of B. To complete the proof we must locate an additional (kPi”) 
edges of G. Let A be the vertices of G not in B. We assume that in the graph (A) 
induced by A, each vertex has degree less than (“-!+I) or else we have found the 
missing edges. 
For each i E { 1,2,. , k - j + l}, consider A U {xl}, a set of n + j vertices. Since 
n > (k-i+1), no vertex of A has degree n in the graph induced by these vertices. Thus, 
x; has at least n neighbors in A. It follows that there are at least n(k - j + 1) edges 
joining vertices of A to vertices of B. We now locate the remaining (k-i”) edges by 
showing that there exists an ordering yi, ~2,. . ., y&-j+1 of B so that for every i the 
following is true: 
(1) If yi has t nonneighbors among yi+l, yi+2,. , &_,+I, then yi has at least n + t 
neighbors in A. 
If this is not possible, then choose an ordering of B with an initial segment as large 
as possible, say yi, ~2,. . . , y,. , satisfying (1). Let C = {Yr+i, yr+&. . . ,Yk_j+l} and 
suppose that C is nonempty. Note that for each vertex x of C, we have: 
(2) If d&x) = t, then x has at most n + t - 1 neighbors in A. 
Statement (2) holds as otherwise a longer initial segment satisfying (1) could have 
been chosen. Let D be the set of vertices in A which are not adjacent to every vertex in 
C. Note that 1 D 1 d (j - 1 )(k - j + 1) since there are at most k-j+ 1 vertices in C and 
each is nonadjacent to at most j- 1 vertices in A. Note that n+jaj(k-j+1)3 1 CUD 1 
by the assumptions on n. Enlarge the set CUD to a set F of n + j vertices by adding, 
if necessary, additional vertices of A -D. We claim that (F) has maximum degree at 
most n - 1. To see this, note that vertices x in C were chosen precisely to have at 
least j nonneighbors in CUD. Vertices in A have degree less than (“-{“) in (A) and 
at most k - j + 1 neighbors in C, so at most (k-i”) - 1 + k - j + 1 = (k-{‘2) - 1 < n 
neighbors in F. It follows that F is a set of n -t j vertices with no vertex of degree 
n in the resulting induced subgraph. This contradiction implies that C = 0 so that an 
ordering of B satisfying (1) exists. This yields as many additional edges as contained 
in a complete graph on B. Thus, there are (“-{“) extra edges not counted among the 
(k-j+l)n edges. 0 
The conjecture is certainly not true when k is very large compared to n. When 
j = 2, for example, the complement of G would have n + k vertices and no more than 
(I) +n+k- 1 ed ges according to the conjecture. But the complement of a graph with 
large girth (say girth at least n + 3) satisfies the condition. There are such graphs with 
as many as (n + k) If’ d es In such graphs, k must be quite large. The conjecture as e g . 
stated with k <n probably still holds. 
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